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Only requiring that Dirac operators decribing massless fermions on the lattice decompose into Weyl operators we 
arrive at a large class of them. After deriving general relations from spectral representations we study correlation 
functions of Weyl fermions for any value of the index, stressing the related conditions for basis transformations 
and getting the precise behaviors under gauge and CP transformations. Using the detailed structure of the chiral 
projections we also obtain a form of the correlation functions with a determinant in the general case. 



1. INTRODUCTION 

Reconsidering chiral gauge theories on the lat- 
tice we generalize the basic structure which has 
been introduced in the overlap formalism of 
Narayanan and Neuberger ^ and in the formula- 
tion of Liischer [2j . Only requiring that the Dirac 
operator D allows a decomposition into Weyl op- 
erators we still extend the large class of oper- 
ators decribing massless fermions on the lattice 
which we have found recently T. In addition to 
Ginsparg- Wilson (GW) fermions ^ this class in- 
cludes the ones proposed by Fujikawa |S] and the 
extension of the latter ,6 . 

Noting that the operators D are functions of 
a basic unitary and 75-Hermitian operator V we 
introduce chiral projections of form j2| 

P±-i(l±75G), P± = i(l±G75), (1) 

with functions G{V) and G{V) satisfying 

G-i = Gt=75G75, G-i = Gt = 75G75. (2) 

Requiring the decomposition 

D = P+DP^ + P^DP+ (3) 

then leads to the relations 

P±DP^ = DP^ ^ P±D (4) 

and gives the general condition 

D + D^GG^Q. (5) 

The forms considered in Refs. j2j and jSj in the 
GW case correspond to the special choices G = 
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t/, G = 1 and G = ((1 - s)l + sV)/M, G = 
(si + (1 — s)V)/Af with a real parameter s and 
normalization factor A/", respectively. 

2. GENERAL RELATIONS 

We start from the spectral representation of V 

+ E {e""'Pt'^+e-^^''Pt''^), (6) 

k (0<ipfc<7r) 

where the orthogonal projections satisfy 
which implies that one has 

N+{l)-N^{l) + N+{-l)-N^{-l)^Q, (7) 

7V+(l)-7V_(l) = iTr(75F) (8) 

for 7V±(1) = Tr{p[^^), N±{-1) = Tr(P2*^'), and 
Tr(75Pi^^) = Tr(75Pi"^) - 0, (9) 
TrP^^^ = TrP^"\ (10) 
The representation oi D = F{V) then becomes 
D = /(1)(P(+) + Pt^) + ./(-l)(Pi+^ + Pt^) 

+ J2 (/(e^^^)^f +/(e-^'''=)^r^ (11) 

fc (0<ipfc<7r) 

with the conditions on the spectral functions 
/(l)-0, /(-l)^O, nv) = fiv*), (12) 
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corresponding to masslessness, allowance for a 
non-zero index, 75-Hermiticity, respectively. The 
index of D then gets I = N+{1) - N_{1), which 
thus is given by ijHJl and subject to O. 

For G and G analogous representations to Hll() 
hold with spectal functions g and g, respectively. 
The latter satisfy |,gp — 1, g*{v) = g{v*), = 
1, g*{v) = g{v*). In terms of spectral functions 
the general condition now reads 



/ + 1*99 = 0. 

Because of /(—I) 7^ this implies 
g(-l) = -g(-l), 



(13) 



(14) 



with the important consequence that G and G 
must be generally different. 

To have / = iV — for the index, where N — 
TrP+, N = TrP_, one needs g{l) = g{l) ^ 1. 
Then for the choices 5(— 1) = — 1) — ±1 one 
g_ets iV = iTr 1 - /, TV = iTr 1 and N = \Ti 1, 
N = iTr 1 + /, respectively. 

The spectral functions have been used in 
Ref. jHj to construct various concrete examples 
of Dirac operators. The respective methods have 
been seen in Ref. j2] to extend to the more general 
class of operators satisfying (jSJ. 

3. CORRELATION FUNCTIONS 

General fermionic correlation functions can be 
written as [7j 

+ i ...'0<T„-0<T.+ 1 ■•■'0<Tjv)f (15) 

with alternating multilinear forms To-^ . o-j^ and 
Tg-i...5-jv, which are explicitly represented by 

N 

jl,... JN = 1 

and an analogous expression for Ta.i...CTjv- The 
bases in such expressions satisfy 

P_ — uu'' , v)u = Iw, P+ = uu\ u'u = l^v, (17) 

where 1^ and 1^ are the identity operators in the 
spaces of the Weyl degrees of freedom. Compar- 
ing with vector theory it is seen that instead of 



^ai...t7K ^iid £si...aK with K = Tt1 there, one has 
and T^i...^^ here. 
By (|17|) the bases are fixed up to unitary 
transformations, u^"^^ = uS, u^^^ = uS. In 
addition requiring unimodularity, det^iS — 1, 
detw<S = 1, the correlation functions (|15|l get in- 
variant. While without this additional restriction 
the transformations S connect all bases of the 
subspace on which P_ projects, the unimodular 
S connect only subsets thereof. The total set of 
bases u'^^^ thus decomposes into subsets. Because 
the formulation of the theory has to be restricted 
to one of such subsets (which are not equivalent) 
there is the question to which one of them. Anal- 
ogous considerations apply to the bases u^-^K 

4. GAUGE TRANSFORMATIONS 

Considering the gauge transformation P'_ = 
TP^T^ for G 7^ 1 with [T, P_] ^ 0, given a solu- 
tion u satisfying (|17|) then u' = TuS is a solution 
of the transformed conditions P'_ — u'u'^ and 
tt'ty' = 1^. With the restriction to unimodular 
S this constitutes a mapping between the respec- 
tive subset and the transformed subset of bases. 
With analogous considerations for u it becomes 
obvious that for G ^ 1, G ^ 1 the correlation 
functions (|15() transform gauge-covariantly, 

(C'-.-V'^'V^;;...^;.)^ (18) 



ai,...,aL ai,...,(TL 



For G = 1 with [T,P+] = and P| = P+, 
given a gauge-field independent solution Uc of 
(|17l) . also u = UcS with unimodular 5 is a so- 
lution, representing the respective invariant sub- 
set of bases. This solution can be rewritten as 
u = TucS\-S with St = u^Tuc (which is unitary, 
however, in general not unimodular). With this 
for the correlation functions in the case G 7^ 1, 
G = 1 one gets the behavior (|18|l multiplied by 
the constant phase factor Aet^Sr- Evaluation 
of this factor [J] gives detw-^T = e^''^'' where 
r = e^ and B^'n = iSf^'n Y.i ^ij'^- Thus the ad- 
ditional condition trgT^ = on the generators 
is needed to get rid of that factor. 
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5. CP TRANSFORMATIONS 

With the charge conjugation matrix C, Vn'n = 

where n = (—71,714), we have 

C'(Zi^P) W(C'(Z^))^W^ W^VjaC^ (19) 
for T^, £), G, G, while for the projections 

pCP(^CP)^ P+(W), PCP(^CP)^ p_(^)^ 

PCP ^ >VpTy^;t^ pCP ^ yypTyyt^ (20) 

pCP^l(l_^^G), pCP^ 1(1 + ^75). (21) 

It is seen that (|21|) differs from J^l by an inter- 
change of G and G. Since in |(SJl only the product 
enters, the interchanged choice is associated to 
the same D. Because according to (I14II one has 
generally G ^ G, one cannot get the symmetric 
situation of continuum theory. 



Given solutions u and u of (jl7|l . then 



,CP 



Wu*S and = Wtx*^ are solutions of the CP 
transformed conditions. With unimodular S and 
S this leads to the transformations 



'1 

E 

(Ti,...,CTi CTi 



(22) 



In Ref. [HI the special form of Ref. jH| for G, 
G has been used together with more general D. 
A singularity has been encountered if a symmet- 
ric situation for CP properties has been enforced, 
which here has been seen to be generally excluded 
by G ^ G. The exchange of parameters under 
CP transformations there corresponds to the in- 
terchange of G and G in the general case here. 

6. FORM WITH DETERMINANT 

Using the relations of Sections 1 and 2 and 
choosing .g(— 1) = ~g{—l) = ±1 we get for the 
chiral projections the representations [7] 



p_ = p(-) + pi^) + V4- 



p+ = p 



(+) 



p 



(T) 



EA 



[+] 



(23) 
(24) 



in which the newly introduced projections satisfy 



Tr P. 



= Tr P^"^' ^ Tr P'^^ = Tr P^ , 
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D^Pl+^D = |/(e^'^'=)|2p|rl 



(25) 
(26) 



We thus have N - N^{1) = iV - iV+(l) = N, 
so that removing zero modes from Du the re- 
duced matrix M gets quadratic. Starting from 
basis representations of the pj^ ' and using H26|l 
one gets e*®* [/(e*"^*)! for the diagonal elements 
and zero otherwise. For P^^ one remains with 
the diagonal elements e*®|/(— 1)|. The phases Qk 
and 8 can be freely choosen. The reduced chiral 
determinant detjyAf thus becomes 



V(-i)l) 



n 



l/(e''^'=)l) 



(27) 



and for the correlation functions (|15|) we have [7] 



E (T^_|_l...<TjV 
t crr+l.-.o-jv 



E 



' O-r+l-.-O-jv 



{p^b-^p^ 



where the operators P_, D, P+ are the ones re- 
stricted to the subspace without zero modes. 

I wish to thank Michael Miiller-Preussker and 
his group for their kind hospitality. 
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